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Abstract
We study inflation and cosmological electroweak phase transitions utilizing the Standard model aug-
mented by N scalars respecting a global O(N) symmetry. We observe that the representation of the global
symmetry is restricted by the inflationary observables and the condition of a strongly first order electroweak
phase transition. Theoretical constraints including the stability, perturbativity and unitarity are used to
bound the model parameter space. The Electroweak precision observables and Higgs precisions limit the
representation of the symmetry. We evaluate the possibility to simultaneously address the inflation and
the dark matter after considering the experimental constraints from the future leptonic colliders. When
the O(N) symmetry respected by the N-scalar is spontaneously broken to the O(N − 1) symmetry, both
the one-step and two-step SFOEWPT can occur within the inflation viable parameter regions, which will
be tested by the future CEPC, ILC and FCC-ee. The relation between the number of Goldstones and the
SFOEWPT condition depends on phase transition patterns. The situation of Goldstone faking neutrinos and
contributing to the dark radiation are investigated.
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I. INTRODUCTION
To our knowledge, the Standard model of particle physics (SM) is incapable to explain the three
long-standing problems of particle physics and cosmology, i.e., the horizon, flatness and monopole
problems of the Universe, the baryon asymmetry of the Universe (BAU), and the existence of the
dark matter though the nature of which is unknown to us. The cosmic inflation [1–3] solves
the first one successfully. The primordial density fluctuations generated during the inflation can
explain the formation of large scale structure of the universe observed by CMB [4]. The inflation
scenario is attractive when the inflaton field can play an important role in particle physics. A
fascinating scenario is the Higgs inflation [5–9][98], where the inflaton is the SM Higgs being
observed by LHC [13, 14]. There is a lot of debate on whether the Higgs inflation suffers from the
unitarity problem at high scale around ∼ O(1013) GeV [15–25][99], which is beyond the scope
of this paper. Among various mechanisms to explain the BAU, the electroweak baryogenesis
mechanism(EWBG) raises peoples interest due to the two essential ingredients of which are able
to be tested at experiments. A strongly first order electroweak phase transition (SFOEWPT) as an
essential ingredient usually requires the extension of the Higgs sector of the SM [28, 29], and the
modified scalar potential could be detected at hadronic and leptonic colliders [27]. The additional
CP violation, as another essential ingredient for the EWBG, can be probed indirectly with the
electric dipole moment experiments. The CP violation study is beyond the scope of this paper
though it may affect the phase transition.
To realize a SFOEWPT, one simplest and extensively studied approach is extending the SM
with an additional real singlet scalar [30–36] or complex singlet scalar [37, 38] through the Higgs
portal. For the Higgs inflation with assistance of singlet scalars utilizing Higgs-portal interactions,
we refer to Ref. [39–41][100]. For the Higgs inflation in the Higgs-portal scenarios, the typical
quartic scalar couplings are required to be around ∼ O(10−1) [39, 40, 42]. To obtain a one-step
type SFOEWPT, a relatively large Higgs portal quartic coupling is required [43], which might lead
to an unexpected theoretical problem, i.e., breaking the perturbativity, and unitarity at high scale.
Therefore, largeness of the quartic couplings can not accommodate the successful inflation. For
the previous attempts to connect cosmic inflation and Electroweak phase transition (EWPT) in this
case we refer to Ref. [42, 44, 45].
The straightforward approach to ameliorate the situation can be extending the SM by singlet
scalars that respect O(N) symmetry, then the one-step SFOEWPT can be realized with a lower
2
magnitude of the Higgs-portal interaction |H|2SiSi(i = 1, ...,N) [46–49]. Previous studies of N-
scalars with an exact O(N) symmetry suggest that a one-step SFOEWPT can be realized with a
relatively large N, which results in detectable gravitational wave signals with typical frequency
of ∼ O(10−3− 10−1)Hz [47–49] and a substantial triple Higgs couplings deviation to be probed
by the future colliders [48, 49]. Therefore, we introduce an additional N hidden scalars that re-
spect the O(N) symmetry, and investigate the possibility to accommodate inflation together with
a SFOEWPT. Here, the additional N hidden scalars might also alleviate the hierarchy problem
through positive contributions to radiative corrections of the Higgs boson mass and therefore sat-
isfy the Veltman conditions [50–52]. As an additional benefit, the scalars can saturate DM candi-
date. The previous studies of Ref. [47] indicate that a one-step SFOEWPT cannot be addressed
together with a correct DM relic density unless the quartic couplings of |H|2SiSi and masses of Si
are non-universal[101]. In this work, we study both one-step and two-step EWPT, and evaluate
the DM together with the inflation explanation. Our study shows that the Electroweak precision
observables (EWPOs) constraints invalidate the inflation explanation when N > 4 for the O(N)
scalars, that shout down the window to accommodate a SFOEWPT. We further explore the sce-
nario wherein the O(N) symmetry is spontaneously broken to the O(N−1) symmetry. There are
N−1 Goldstones that can fake the effective neutrinos. The possibility of Goldstones contributing
to dark radiations provided they gain masses from non-renormalizable gravity effects will be es-
timated. Our results demonstrate that, after considering the theoretical constraints and the current
Higgs precisions, the inflation explanation and a SFOEWPT can be reached in certain parameter
spaces for both one- and two- step phase transitions.
The paper is organized as follows: In Section. II, we introduce the model including the case
of the scalars respecting the O(N) symmetry and the scenario where the O(N) is spontaneously
broke to the O(N−1), the relevant theoretical constraints and the Higgs precision constraints are
explored. Cosmological implications to be studied including inflation, electroweak phase transi-
tion, dark matter and dark radiations are given in Sec. III. The numerical results for both the O(N)
and O(N−1) scenarios are presented in Sec. IV. We conclude with Sec. V.
II. THE MODELS
In this work, we study two scenarios of N singlet scalars extended SM. In the case of the N
singlet scalars (S) with O(N) symmetry, the O(N) symmetry might break at finite temperature
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and restore at the zero temperature. Another scenario is that the O(N) is spontaneously broken to
O(N−1) at zero temperature, we use “s" rather than “S" to differentiate it from the O(N) scenario.
For the O(N) scenario, the zero temperature tree-level potential is given by
V0(H,S) = −µ2hH†H+λh|H†H|2+
µ2s
2
SiSi+
λs
4
(SiSi)2+
1
2
λhs|H|2SiSi , (1)
with HT = (G+,(v+ h+ iG0)/
√
2). After the spontaneously symmetry breaking of the Elec-
troweak symmetry, the mass term of Si is given as m2Si = µ
2
s + λhsv2/2. For the O(N → N− 1)
scenario, the minimization conditions of the potential can be obtained when EW symmetry
is broke and the O(N) being broke along the direction of s, with other directions being si
(i= 1, ...,N−1)[102],
dV0(h,s,A)
dh
∣∣
h=v = 0,
dV0(h,s,A)
ds
∣∣
s=vs
= 0 , (2)
which give rise to µ2h = λhv
2+λhsv2s/2,µ2s =−(λhsv2/2+λsv2s ). The mass matrix is given by
M 2 =
(
2v2λh vvsλhs
vvsλhs 2v2sλs
)
. (3)
In order to diagonalize the mass matrix, we introduce the rotation matrix R =
((cosθ,sinθ),(−sinθ,cosθ)) with tan2θ = −λhsvvs/(λhv2−λsv2s ) to relate the mass basis and
field basis, (
h
s
)
=
(
cosθ sinθ
−sinθ cosθ
)(
h1
h2
)
. (4)
The mass squared eigenvalues are
m2h1,h2 = λhv
2+λsv2s ∓
λsv2s −λhv2
cos2θ
. (5)
Identify the h1 being the 126 GeV SM-like Higgs boson, and requiring the h2 is dominated by
s set cosθ > 1/
√
2. Here, we note that the situation of mh2 > mh1 and |θ| < pi/4 correspond to
λsv2s > λhv2. The quartic couplings can be expressed as functions of the Higgs masses, v, vs and
the mixing angle θ,
λh =
m2h2 sin
2θ+m2h1 cos
2θ
2v2
, (6)
λs =
m2h2 cos
2θ+m2h1 sin
2θ
2v2s
, (7)
λhs =
(
m2h2−m2h1
)
sin2θ
2vvs
. (8)
4
We note that in our parameterization, the positiveness of the squared Higgs mass eigenvalues
(given in Eq. 5) is justified when the determinant of the Hessian matrix (Eq.3) is positive, which
leads to 4λhλs− λ2hs > 0, and results in a condition of m2h2m2h1/(v2v2s ) > 0 after considering the
Eq. 8.
The number of scalars(N) or Goldstones (N−1), and scalar quartic couplings λs,hs,h in the in-
teraction basis for the O(N) and O(N→ N−1) scenarios will be constrained by the perturbativity
and unitarity, stability, and Higgs precisions, as well as EWPOs. The parameter spaces will be
further restricted by the inflationary observables and the condition of SFOEWPT, which will be
studied in the following sections. As will be studied in the following sections, in both the O(N) and
the O(N → N− 1) scenarios, the number of N will be bounded by the condition of the slow-roll
inflation and a SFOEWPT. For the O(N→ N−1), it means the number of Goldstones is bounded.
As will be shown later, for the light extra Higgs mass, the dark radiation set bounds on the number
of Goldstones in the O(N→ N−1) scenario.
A. Theoretical constraints
Firstly, due to the additive property of the scalar quartic couplings contribution to the beta
functions (see Appendix. A), one need to aware the possible perturbativity problem at high scale
when one performs the inflation analysis. We impose the following conditions to preserve the
perturbativity,
|λh|< 1, |λs|<
√
4pi, |λhs|<
√
4pi . (9)
The perturbative unitarity condition is obtained by requiring the absolute value of the s-wave
2→ 2 scattering amplitudes among longitudinal gauge bosons and scalars being smaller than 1/2.
Which set bounds on scalar quartic coupling of the tree-level potential for O(N) and O(N→N−1)
scenarios as follows [49],
1
32pi
(
3λ+(N+2)λs+
√
(3λ− (N+2)λs)2+4Nλ2hs
)
<
1
2
. (10)
To prevent the unbounded from bellow of the scalar potential, the vacuum stability conditions
should be satisfied,
λh > 0, λs > 0, λhs > 0 or λhs >−2
√
λhλs . (11)
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Here, for completeness, the last condition include both the scenarios of λhs > 0 and λhs < 0. The
third equation of the Eq. 8 indicates that the scenario of λhs > 0 corresponds to mh2 > mh1 in the
parameter region of 0 < θ< pi/4.
A simple analysis of these theoretical limits on the scalar quartic couplings at the Electroweak
scale is given in Fig. 1 and Fig. 2 for O(N) and O(N → N − 1) scenarios. The perturbativity
roughly sets the upper limit of λhs,s, the shape of the boundary is set by the unitarity bounds.
The lower bound of the quartic couplings λhs,s is given by the stability conditions where more
parameter spaces are allowed by λhs > −2
√
λhλs in comparison with λhs > 0. In the Fig. 2, it’s
converted to the bounds on the mh2 and vs correspondingly.
For the study of inflation and EWPT, we implement three conditions of the perturbativity, uni-
tarity, and the stability of the inflationary potential from the Electroweak (EW) scale to Planck
scale, which are evaluated with the renormalization group equations list in Appendix.A.
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FIG. 1: Parameters regions allowed by Perturbativity+Unitarity+Stability in the O(N) scenario at
EW scale. Both the λhs > 0 and λhs >−2
√
λhλs are shown.
B. Higgs precisions
Integrating out the heavy scalar fields results in the dimension-six operators,
L ⊃ cH
Λ2
OH+
c6
Λ2
O6 , (12)
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FIG. 2: Parameters regions allowed by Perturbativity+Unitarity+Stability in the O(N→ N−1)
scenario at EW scale.
with OH ≡ 12(∂|H†H|)2 and O6 ≡ |H†H|3. Here, the operator OH can lead to the universal shift of
Higgs couplings by the Higgs field redefinition or Higgs wavefunction renormalization. The opera-
tor O6 can alleviate the triple Higgs coupling and is crucial for the realization of a SFOEWPT [54].
For the Wilson coefficients generated at tree-level, we have [55, 56],
cNH = N
λ2hs
2λs
, cN6 = 0 , (13)
cN→N−1H =
λ2hs
2λs
, cN→N−16 = 0 , (14)
with the Λ≈ µs for the two scenario. For O(N) case one have µs ≈ mSi , and in the O(N→ N−1)
case µs ≈ mh2 for the small mixing angle limit. The loop-level induced dim-6 operator Wilson
coefficients are
cNH =
Nλhs
48pi2
, cN6 =−
Nλ3hs
48pi2
, (15)
for the O(N) case. These reduces to
cN→N−1H =
λhs
48pi2
, cN→N−16 =−
λ3hs
48pi2
. (16)
for O(N → N− 1) scenario. We note that the same as the tree-level induced dim-6 operator, the
factor of “N" in O(N → N− 1) doesn’t appear in Eq. 16 because there is only one heavy scalar
and the other sN−1 scalars are massless Goldstones. For the quartic coupling λhs ∼ O(10−1)
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being required by the inflation, we can safely ignore the loop-level induced operator effects on
the Higgs precision. In the small mixing angle limit of the O(N → N − 1) scenario, we have:
1− cosθ≈ cN→N−1H v2/(2m2h2)≈ cN→N−1H v2/2µ2s .
Now, we explore the EWPOs in the two scenarios. The operator OH induces the operator
combinations OW +OB and OT operators through RGE [55, 57], which results in the S and T
parameters
∆S=
1
12
cH
v2
m2S(h2)
log(
m2S(h2)
m2W
) , (17)
∆T =− 3
16pic2W
cH
v2
m2S(h2)
log(
m2S(h2)
m2W
) . (18)
We set bounds on mS(h2) and the “N" using the electroweak fit in Ref. [58] ,
S= 0.06±0.09, T = 0.10±0.07 , (19)
with the correlation coefficient between the S and T parameters being +0.91. In the case of
O(N → N− 1), the parameter spaces are more strictly constrained by T parameter rather than S
parameter, which set stringent bounds on the mixing angle and the masses of the heavy Higgs.
When the heavy Higgs is not highly decoupled [103], i.e., mh2 ∼ mh, one can obtain the oblique
parameter T following Ref. [59],
T = −
(
3
16pis2W
){
cos2θ
[ 1
c2W
(
m2h1
m2h1−M2Z
)
ln
m2h1
M2Z
−
(
m2h1
m2h1−M2W
)
ln
m2h1
M2W
]
+ sin2θ
[ 1
c2W
(
m2h2
m2h2−M2Z
)
× ln m
2
h2
M2Z
−
(
m2h2
m2h2−M2W
)
ln
m2h2
M2W
]}
. (20)
For the O(N → N− 1) scenario, the mixing angle and the heavy Higgs masses are subjective
to the bounds coming from the LHC Higgs data, which limit the mixing angle θ to be |cosθ| ≥
0.84 [31]. After including the current LHC and High-luminosity LHC Higgs production rates
together with the EWPOs, a moderate of θ ∼
√
λ2hsv2/(4λsm
2
h2
) = 0.2 can be safety [60]. We
firstly perform the Higgs fit without including the change of SM Higgs decay width induced by
the Goldstone, and then constrain the number of Goldstone bosons N−1 with the Higgs invisible
decay fit results from [61]: BBSM < 0.34 at 95% CL. For the case of O(N) symmetry being broken
to O(N− 1) at zero temperature, we have the following Lagrangian to describe the triple scalar
interactions,
L ⊃ λhih jh jhih jh j+λhisN−1sN−1hisN−1sN−1 , (21)
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with hi, j denotes h1,2 and N = 2, ...,N, the relevant triple scalar couplings are given bellow,
λh2h1h1 =−
m2h1
2vvs
sin(2θ)(vs cosθ+ v sinθ)(1+m2h2/2m
2
h1) , (22)
λh2sN−1sN−1 = m
2
h2 cosθ/(2vs) , (23)
λh1sN−1sN−1 =−m2h1 sinθ/(2vs) , (24)
λh1h2h2 = λh1sN−1sN−1 . (25)
From which, when the mh2 > mh1 , the decay widths of the SM-like Higgs and the second Higgs
are given by
Γtoth2 = Γh2(h2→ h1h1)+ sin2θΓSMh
∣∣∣mh→mh2 +(N−1)Γh2(h2→ sN−1sN−1)
= Γh2(h2→ h1h1)+ sin2θΓSMh
∣∣∣mh→mh2 +(N−1)λ2h2sN−1sN−132pimh2 (26)
Γtoth1 = cos
2θΓSMh +(N−1)Γh(h→ sN−1sN−1)
= cos2θΓSMh +(N−1)
λ2h1sN−1sN−1
32pimh1
, (27)
with
Γ(h2→ h1h1) =
λ2h2h1h1
32pimh2
√
1−4m2h1/m2h2 . (28)
For the case in which mh1 > 2mh2 , one need take into account the decay of h1 → 2h2 with the
decay width being given by
Γ(h1→ h2h2) =
λ2h1h2h2
32pimh1
√
1−4m2h2/m2h1 . (29)
The invisible decay of SM Higgs can be used to set upper bounds to the number of the Goldstones
and the mixing angle θ. At 95% CL, the LHC (ATLAS+CMS) set Binv < 34% [61], see Fig. 3 for
the constraints. With the increase of vs, more parameter space of (θ,N) is allowed.
On the other hand, the OH leads to the modification of the wavefunction of the Higgs,
Le f f ⊃ (1+δZh)12(∂µh)
2 , (30)
with δZh = 2v2cH/m2S(h2) for O(N) (O(N → N − 1)) scenarios. Thus one obtains a universal
shift of all Higgs couplings. Which therefore induce the correction to the e+e−→ hZ associated
production cross section [57]
δσZh =−2 v
2cH
m2S(h2)
, (31)
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FIG. 3: Invisible decay bounds on N and mixing angle θ in O(N→ N−1) model coming from
LHC [61].
which has been defined as the fractional change in the associated production cross section relative
to the SM case. For the O(N) scenario with mS>mh, the Higgs wavefunction renormalization shift
the SM-like Higgs couplings to other SM particles by cNHv
2/(2m2S) ∼ Nλ2hs v2/(2λsm2S). Which
results in the constraint on cH and therefore N,λhs,s from the LHC[60] as well as ILC, CEPC, and
FCC-ee[62]. The study of Ref. [62] shows that the CEPC, ILC, and FCC-ee can probe the new
physics parameter spaces ( through the e+e−→ hZ process ) much better than LHC.
λhλs
λ hs
CEPC
ILC
FCC-ee
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0.00
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0.10
0.15
0.20
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θ
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FIG. 4: The projected sensitivity of the mixing angle for O(N→ N−1) model from lepton
colliders .
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FIG. 5: Higgs invisible decay bounds on N and θ in O(N→ N−1) scenario considering the
sensitivity of ILC, FCC-ee, and CEPC respectively from left to right panels.
For N = 1 of the O(N → N − 1) scenario (which is the Higgs-portal 1-singlet scalar case),
the CEPC with luminosity of 5 ab−1, ILC with all center of mass energies, and FCC-ee with
luminosity of 10 ab−1 bound the mixing angle |sinθ| to be 0.062, 0.058 and 0.052 at 95% C.L.
[62]. We constrain our model parameter spaces with these values, see Fig. 4. These high sensitivity
leptonic colliders set a severe bound on the λhs, and therefore the stability problem can easily
preclude the chance to realize the slow-roll Higgs inflation. For the case of N ≥ 2 of the O(N→
N− 1) scenario, using the Higgs Strahlung process, the ILC set Binv < 1% [63], the FCC-ee set
Binv < 0.5% [64, 65], and CEPC set 0.14% [66]. Fig.5 indicates that a large mixing angle θ
is allowed for a large vs, which corresponds to the heavy Higgs decouple cases. Generally, to
make the Higgs inflation feasible, a relatively large mixing angle θ is required to enlarge the value
of λhs and therefore to ensure the vacuum stability. Firstly, the increasing of θ can lead to the
perturbativity problem of λh, and thus we need a relatively small mh2 . Secondly, a large vs leads to
a small λhs, therefore to avoid the stability problem we need a large N. The future e+e− colliders
constraints give a narrow parameter region of the mixing angle θ. In this super-weak couple
scenario the SFOEWPT would not occur due to the λhs is too small, thus one needs a much larger
N to amplified the effects of the N− 1 Goldstones in order to obtain a SFOEWPT. On the other
hand, the Goldstones faked effective neutrino situation would be changed a lot due to the decouple
conditions allowed parameter spaces can be covered by the bounds from Binv at ILC, FCC-ee and
CEPC as aforementioned.
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III. COSMOLOGICAL IMPLICATIONS
We first study the cosmic inflation with large scale fields. With the temperatures of the universe
cooling down the low scale physics come to us: the possibility to obtain a SFOEWPT, and the
dark matter physics.
A. The Higgs inflation with N singlet scalars
The action in the Jordan frame is
SJ =
∫
d4x
√−g
[
−M
2
p
2
R−ξh(H†H)R−ξsS2R
+∂µH†∂µH+(∂µS)2−V (H,S)
]
, (32)
where Mp is the reduced Planck mass, R is the Ricci scalar, ξh,S define the non-minimal coupling
of the h,S-field. Here, we drop the subscript to simplify the notation as in Ref. [67]. The quantum
corrected effective Jordan frame Higgs potential at large field value (h) can be written as
V (h) =
1
4
λh(µ)h4 , (33)
which is evaluated along the higgs axis, where the scale is µ∼ O(h)≈ h. The potential is the in-
flationary potential, which will be used to estimate the slow-roll parameters of ε and η. We impose
quantum corrections to the potential following Ref. [68, 69]. After the conformal transformation,
g˜µν =Ω2gµν, Ω2 ≡ 1+ ξSM2P
S2+
ξhh2
M2P
. (34)
and a field redefinition
dχh
dh
=
√
Ω2+6ξ2hh2/M
2
P
Ω4
,
dχS
dS
=
√
Ω2+6ξ2SS2/M
2
P
Ω4
, (35)
we obtain
SE =
∫
d4x
√
−g˜
(
− 1
2
M2PR+
1
2
∂µχh∂µχh+
1
2
∂µχS∂µχS
+A(χS,χh)∂µχh∂µχS−U(χS,χh)
)
,
(36)
where U(χS,χh) =Ω−4V (S(χS),h(χh)) and
A(χS,χh) =
6ξhξS
M2PΩ4
dS
dχS
dh
dχh
hS. (37)
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In this work, we consider the Higgs field serves as inflaton for the O(N) model and the O(N →
N−1) model, which is ensured by ξh ξS. We consider ξS = 0 at the Electroweak scale. In this
situation, the kinetic terms of the scalar fields are canonical with A(χS,χh) = 0, and the metric in
this case is given by Ω2 = 1+(ξhh2+ξSS2)/M2pl ≈ 1+ξhh2/M2pl with S∼ 0 [67, 70, 71][104].
The inflationary action in terms of the canonically normalized field χ is therefore given as
Sinf =
∫
d4x
√
g˜
[
M2p
2
R+
1
2
(∂χ)2−U(χ)
]
, (38)
with the potential in terms of the canonically normalized field χ as
U(χ) =
λh (h(χ))4
4Ω4
, (39)
where the new field χ are defined by
dχ
dh
≈ ((1+ξhh2/M2p +6ξ2hh2/M2p)/(1+ξhh2/M2p)2)1/2 (40)
for h− inflations [67]. Note that λh and ξh have a scale (h) dependence. The potential of U(χ) at
the high scale of χMP should be flat enough to drive the slow-roll inflation.
The slow-roll parameters used to characterize the inflation dynamics are,
ε(χ) =
M2p
2
(
dU/dχ
U(χ)
)2
, η(χ) =M2p
(
d2U/dχ2
U(χ)
)
. (41)
The field value at the end of inflation χend is obtained when ε= 1, and the horizon exit value χin
can be calculated by assuming an e-folding number between the two periods,
Ne−folds =
∫ χin
χend
dχ
1
Mp
√
2ε
. (42)
Then, one can relate the inflationary observables of spectrum index ns and the tensor to scalar ratio
of r with the slow-roll parameters at the χin ,
ns = 1+2η−6ε , r = 16ε . (43)
The Planck results set ns = 0.9677± 0.0060 at 1σ level and r < 0.11 at 95% CL[4] for Ne =
60. Meanwhile, the non-minimal gravity couplings ξh can be determined using the constraint
coming from CMB observations [4], with the amplitude of scalar spectrum fluctuations ∆2R being
calculated as
∆2R =
1
24pi2M4p
U(χ)
ε
= 2.2×10−9 . (44)
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With which, one can obtain the slow-roll inflation favored parameter regions of λs and λhs for the
fixed λh in the O(N) scenario, since the two quartic coupling contribute to the inflation potential
indirectly through the RGEs as shown in Appendix. A. For the O(N→ N−1) scenario, the mh2,vs
and the mixing angle of θ determine the couplings of λh,hs,s through Eq. 8. For the two scenarios,
the slow-roll parameters r are all of order ∼ O(10−2). Previous inflation studies of Ref. [67, 70]
shows that the successful implementation of slow-roll Higgs or singlet inflation usually occurs
with relatively smaller quartic scalar couplings of order O(0.1−1).
At last, we comment on the thermal history of the Universe. One can estimate the reheating
temperature when the decay of the inflaton starts competing with expansion H ∼ Γh for Higgs
inflation [74],
ρ= 3H2M2p = 3Γ
2
hM
2
p ≡
pi2g∗
30
T 4R , (45)
here g∗ ≈ 100 is the number of relativistic degrees of freedom in the Universe during the reheating
epoch. The reheating temperature for the Higgs inflation was estimated through the parametric res-
onance of the oscillating Higgs field to W bosons (via |H|2|W |2) in Ref. [75, 76]. Ref. [77] suggest
TR ≥ ( 15λh8pi2g∗ )
1/4Mp
ξh
. Within the inflation viable parameter spaces in O(N→ N−1) scenarios under
study, we have λh ∼ O(10−4−10−1) and ξh ∼ O(103−105), therefore the TR ≥ O(1010−1013)
GeV. For the O(N) scenario, we have λh ∼ O(10−2−10−1) and ξh ∼ O(105), thus TR ≥ O(1013)
GeV. Freeze out of cold dark matter requires x f ≡mDM/Tf s≈ 20, and therefore the thermal history
can occur as TR > TC > Tf s > TBBN to account for the EWPT and reheating as well as the success-
ful Big Bang Nucleosynthesis (BBN) (with a typical temperature of a few MeV).The freeze-out
temperature Tf s being smaller than the SFOEWPT temperature TC, set the mDM < 20TC ∼ 2 TeV
with TC being around ∼ O(102) GeV.
B. Electroweak phase transition
With the temperature cooling down, the universe can evolve from symmetric phase to the sym-
metry broken phase. The behavior can be studied with the finite temperature effective poten-
tial with particle physics models [78]. Through which one can obtain the critical classical field
value and temperature being vC and TC. Roughly speaking, a SFOEWPT can be obtained when
vC/TC > 1, then the electroweak sphaleron process is quenched inside the bubble and therefore
one can obtain the net number of baryon over anti-baryon in the framework of EWBG. For the
uncertainty of the value and possible gauge dependent issues we refer to Ref. [79]. The finite
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temperature effective potential includes the tree level scalar potential, the Coleman-Weinberg po-
tential, and the finite temperature corrections [80]. For the finite temperature corrections, we
adopt the method of Ref. [78, 81] with the Espinosa approach [80]. Then the critical parameters of
EWPT can be calculated when there are two degenerate vacuums with a potential barrier. Due to
rich vacuum structures of the potential at finite temperatures, there can be one-step or multi-step
phase transitions. A SFOEWPT can occur at the first or the second step in the two-step scenario.
We will investigate one-step and two-step phase transitions in the O(N) and the O(N → N− 1)
scenarios.
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FIG. 6: The finite temperature effective potential v.s. dim-6 operator Wilson coefficients
(temperature) with fixed temperature T = 70 GeV (fixed c6 = ccr6 ) for left (right) panel.
Before the detailed study, we first warm up by briefly recalling the one-step SFOEWPT condi-
tion on Wilson coefficients of the dimensional-six operator [54, 82, 83],
m2h
3v4
<
c6
Λ2
<
m2h
v4
. (46)
The left panel of Fig. 6 shows the potential shape at critical temperature with different dimensional
six operator Wilson coefficients. Which depicts that a suitable c6 = ccr6 is needed to obtain a proper
vacuum barrier to separate two degenerate vacua at critical temperature Tc, therefore make the
SFOEWPT feasible. On the right panel of Fig. 6, we plot the finite temperature effective potential
as a function of temperature for fixed c6, one can find that the symmetry will be restored at high
temperature and break at temperature lower than the critical temperature Tc. It should be noted
that, with the spontaneous symmetry breaking of O(N → N− 1), the two contributions of the c6
from sh2 and s3 terms cancel each other [56], and therefore the tree-level induced dimensional six
operator disappears. Which is the same as in the SM+1 singlet case being studied in Ref. [60].
In this case, the dimensional six operator shows up at loop level which is too small to affect the
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EWPT dynamics. This property can explain why the SM+1 singlet scalar with Z2 does not prefer
one-step SFOEWPT, and here one may need to pursue the two-step types where the DM can be
useful for achieving a SFOEWPT [43, 84–86]. In this work, we reconfirm the same property in
the O(N) and O(N→ N−1) cases.
  
FIG. 7: One- and two-step EWPT types in O(N) for left and right panels, respectively.
Following the approach of Ref. [81], the finite temperature of V (h,S(s),N,T ) = V0(h,S(s))+
VCW (h,S(s),N) + VT (h,S(s),N,T ) + V daisy(h,S(s),N,T ) for O(N) (O(N → N − 1)) case is
adopted to estimate the order parameters of the SFOEWPT, with V0, VCW , VT and V daisy being
zero temperature tree-level potential, one-loop Colemen-Weinberg potential, finite-temperature
potential, and Daisy terms. These functions for the O(N)(O(N → N− 1)) case are given in Ap-
pendix. B. In the case of O(N) scalars, the corresponding critical temperature and critical field
value for one- and two-step EWPT types (see the Fig.7) can be evaluated through the following
degeneracy conditions,
V (0,0,N,TC) =V (hBC,0,N,TC) ,
dV (h,0,N,TC)
dh
|h=hBC = 0 , (47)
and
V (0,sAC,N,TC) =V (h
B
C,0,N,TC) ,
dV (h,0,N,TC)
dh
|h=hBC = 0 . (48)
Here the sC is the O(N) broken direction, which is analogous to the O(N→ N−1) scenario. The
survey of the one-step EWPT in the O(N) scenario shows that the quartic coupling between the
SM Higgs and the O(N) scalars Si ( λhs ) should be large enough in order to make the SFOEWPT
16
occurs, which is not favored by the slow-roll Higgs inflation. Generally, within the parameter
spaces of a large λhs where one can have a SFOEWPT and the inflation is invalid, the perturbativity
of scalar quartic coupling and unitarity are violated due to the RG running of couplings as explored
in Sec. IV A.
We demonstrate the one-step and two-step phase transition patterns in Fig.8. The one-step
EWPT types in O(N→ N−1), occurs along the −→OB line, and the two-step EWPT occurs through
the process of O→ A→ B. With two degenerate vacuums being separated by a potential barrier
structures at the critical temperature, the degeneracy conditions can be expressed as Eqs.49 and
Eqs.50.
  
FIG. 8: One- and two-step phase transition types in O(N→ N−1) scenario for left and right
panels.
V (0,0,N,TC) =V (vBC,s
B
C,N,TC),
dV (h,s,N,TC)
dh
|h=hBC,s=sBC = 0,
dV (h,s,N,TC)
ds
|h=hBC,s=sBC = 0. (49)
V (0,sAC,N,TC) =V (h
B
C,s
B
C,N,TC),
dV (h,s,N,TC)
dh
|h=hBC,s=sBC = 0,
dV (h,s,N,TC)
ds
|h=hBC,s=sBC = 0. (50)
C. Dark matter/radiations
When the O(N) is kept at zero temperature, the N-singlet scalars can all serve as dark matter
candidates. Suppose gravity violates global symmetries, then the Goldstone boson may acquire
a mass through nonpertubative gravitational effects [87, 88]. The non-perturbative gravity effects
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can break the O(N) symmetry at MP scale through the lowest high dimension operators, i.e., dim-5
operators, induce mass terms to Goldstone bosons and make N−1 majoron like particles,
C1(H†H)2si
MP
+
C2(H†H)s3i
MP
+
C3s5i
MP
. (51)
For the wilson coefficients Ci ∼ O(1) and the VEV of scalar singlet vs ∼ O(103) GeV, one can
expect the masses of majoron like particle,
ms1,...,N−1 =
16C1v4+12C2v2v2s +5C3v
4
s
2MPvs
∼ O(1)eV . (52)
In this mass region, we can expect the majoron decaying to diphoton through the non-minimal
gravity couple term which breaks the O(N−1) symmetry as in the Ref. [89]. We found the Gold-
stone bosons here is long-lived, with τ ∼ Γ−1 ∼ 1046s, they can survive until the recombination
era and may contribute to the Universe radiation density at the time of recombination or BBN.
IV. NUMERICAL RESULTS
A. O(N) scenario
We first explore inflation dynamics without taking into account the Higgs precision bounds.
In Fig. 9, we show the Higgs inflation feasible parameter regions in the plane of (λs,λhs) after
imposing the theoretical constraints up to Planck scale as aforementioned in Sec. II A. Where, the
upper and lower bounds of λhs are mostly coming from perturbativity and unitarity, and stability
conditions. The inflation feasible range in the plane of (λs,λhs) is largest when N = 1. The feasible
ranges diminish with the increase of N and are overlapped for the two neighbor N expect N = 1
and N = 2. The decrease of the inflation valid area with the increase of N is due to the fact that: a
larger N leads to more contributions of λhs to λh at the inflation scale through RG running (using
the RGEs given in Appendix. A ), and therefore the stability, perturbativity and unitarity set the
lower and upper bounds of λhs. We plot the RG running of the scalar quartic couplings for the
case of N = 7,10,13 in Fig. 10. The perturbativity of quartic couplings and the unitarity can be
violated due to RG running of couplings as shown in the right panel of Fig. 10.
With thermal averaged annihilation cross sections being the same as in Ref. [67] for each Si, see
Appendix. C, and using Lee-Weinberg method [90], we can estimate ΩSih2 ∼ 1/σvrel ∼ m2Si/λ2hs
for a large dark matter mass. Previous studies show that the mass region of Higgs-portal real
1-singlet scalar DM case is excluded up to ∼TeV scale by Xenon1T [42, 91].
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FIG. 9: Inflation feasible parameters plane of (λs,λhs) for different N within O(N) scalar model,
a larger N is shown by a deeper color, and the corresponding N are 1→ 5, 6→ 10 and 11→ 15
for left, middle and right panels, respectively. Note that the shaded regions are allowed rather
than excluded.
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FIG. 10: RG running of λs, λh and λhs. Left: the scalar quartic couplings where the inflation is
valid. Right: the scalar quartic couplings lives in the parameter region where the inflation is
invalid.
It should be noted that the future Linear collider constraints would limit the dark matter mass to
be TeV scale (∼ O(1−10) TeV) in the inflation feasible region as shown in Fig. 12. In this case,
the seagull diagram dominates the contributions to the dark matter pair annihilations. We show
the annihilation cross section in Fig. 11 to illustrate that. It’s easy to see that the contributions of
the Eq. C1 or Eq. 53 would oversaturate the relic abundance for the inflation feasible λhs though
the highly suppress of σSI by large mS make the mass region safe from Xenon 1T.
For mDM > 10 TeV, one obtains Tf s ∼mDM/x f > 500 GeV, therefore the dark matter freeze out
happens earlier than the EWPT, and thus only the seagull diagram process can happen with the
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FIG. 11: DM annihilation cross section with the dashed lines indicating the seagull diagram
contribution and the solid lines being the all annihilation channels contributions.
7
1015
10
1520
20
25
25
30
35
5
0.02 0.04 0.06 0.08 0.10 0.12 0.14
0.2
0.3
0.4
0.5
0.6
λs
λ hs
5
7
10
15
10
1520
15
20
2025
30
0.02 0.04 0.06 0.08 0.10 0.12 0.14
0.2
0.3
0.4
0.5
0.6
λs
λ hs
5
710
15
10
1520
15
20
20
25
30
0.02 0.04 0.06 0.08 0.10 0.12 0.14
0.2
0.3
0.4
0.5
0.6
λs
λ hs
FIG. 12: Colliders, EWPOs, and inflation constraints on mSi in the (λs,λhs) plane for different N.
The magenta line is the allowed magnitude of mSi[TeV] by by the CEPC, ILC, and FCC-ee from
left to right panel. Blue regions is for the feasible inflation within O(N) model, orange regions
represent the allowed regions by EWPOs confine. For both two color-codes, a deeper color
corresponds to a larger N with N = 1,2,3,4,5.
Higgs finite states have effectively zero masses. Then, the annihilation cross sections of Eq. C1
reduces to
〈σvrel〉hh =
λ2hs
64pim2s
. (53)
Here we point out that ms ∼ µs due to the Electroweak symmetry is still kept at temperature higher
than Tc within the framework of EWBG. Then, if the relic abundance is partially saturated by Si,
one needs a larger H-S quartic coupling λhs. The large mS, in fact, would decouple from the phase
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transition has been studied in Ref. [47]. Furthermore, the largeness of the λhs may result in the
perturbativity and unitarity problem of quartic couplings λh,hs, as shown in Fig. 10 (after taking
into account the RG running effects), and therefore shut down the possibility to explain inflation.
We briefly summarize this section as follows. The numerical survey of the two step EWPT
shows that a SFOEWPT requires N≥7 in the inflation favored parameter regions. Unfortunately,
as can be seen from Fig.12, the inflation valid N is bounded to be N < 4 after imposing the
constraints from EWPOs. Which therefore shout down the window to realize the SFOEWPT. The
cNHv
2/m2Si(the c
N
H is given by Eq. 13) is bounded to be smaller than 0.0038, 0.0034, and 0.0028
by CEPC with the luminosity of 5 ab−1, ILC with all center of mass energies, and FCC-ee with
the luminosity of 10 ab−1. With which, we can obtain the bounds on the hidden scalar masses
of mSi ∼ O(1− 10) TeV. In this mass region, the N scalars cannot explain the correct DM relic
density.
B. O(N→ N−1) scenario
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FIG. 13: Inflation feasible parameter planes of (λs,λhs) and (vs,mh2) for different N within
O(N→ N−1) scalar model, a deeper color corresponds to a larger N, the corresponding N are 1,
2, 3 and 4, respectively.
As in the previous section, here we first perform the inflation analysis before considering the
Higgs precision. We show the Higgs inflation valid parameter spaces in Fig. 13, the feasible ranges
diminish with the increase of N and are overlapped for the two contiguous N. The left panel
21
λh λhs λs
107 1011 1015
0.05
0.10
0.50
1
5
μ [GeV]
A: mh2=450[GeV],vs=700[GeV]
λh λhs λs
107 1011 1015
0.1
0.2
0.5
1
2
5
μ [GeV]
B: mh2=700[GeV],vs=1400[GeV]
λh λhs λs
107 1011 1015
0.1
0.2
0.5
1
2
5
μ [GeV]
C: mh2=550[GeV],vs=800[GeV]
|λh | λhs λs
107 1011 1015
10-4
0.001
0.010
0.100
1
μ [GeV]
D: mh2=230[GeV],vs=430[GeV]
FIG. 14: Top panel: the Higgs inflation feasible parameter spaces of (λs,λhs). Middle and bottom
panels: four samples of the RG running coupling (λh,hs,s).
indicates that the magnitude of λhs increases with the increase of λs, which is different from the
O(N) scalar model scenario being explored in the previous section. An interesting triangular shape
shows up due to the bounds on mh2 and vs from perturbativity, unitarity, and stability, together with
the relations among quartic couplings, the Higgses masses and VEVs. Here, it should be noted
that the lower bound of mh2 is set by the stability bounds. The scalar quartic Higgs coupling
will be negative for mh2 <330 GeV, this set the lower boundary of the inflation valid parameter
region. The upper bound is set by the magnitude of the vs assisted by the mh2 , and the upper
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bound on mh2 < 600 GeV is to fulfill the perturbativity and unitarity conditions at high scale. With
the increase of N, the perturbativity and unitarity conditions, together with stability requirement
results in a smaller parameter region of λhs and λs as shown in Fig. 13. The slow-roll inflation is
almost excluded for N ≥ 5.
To explain the property more transparent, we plot the Fig.14 by taking the N = 1 case as an
example. In the upper plot, the yellow region stands for the inflation feasible region for N = 1 in
the (λs,λhs) plane within the O(N → N− 1) scalar model with the number of Goldstones being
zero, the values of mh2 and vs for the numbers and alphabets can be found at the right hand of
the upper, middle and bottom panels, respectively. The middle and bottom panels show the RG
running of couplings (for the points A, B, C and D) from Electroweak scale to Planck scale. Note
that, we use an absolute value for the coupling λh in the last figure, the downward tip there means
the stability is violated at the point of D. That indicates that the stability is the lower bound for
(λs,λhs) plane in the O(N→ N−1) scenario. For B and C points, the perturbativity and unitarity
are violated due to the RG running of couplings. This indicates that the perturbativity and the
unitarity set the upper bound.
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FIG. 15: One-step (top panel) and two-step (bottom panel) SFOEWPT valid points within the
O(N→ N−1) scenario.
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Now, we explore the EWPT property for the O(N → N− 1) scenario. For the one-step case,
one can realize a SFOEWPT with a small λhs with increasing of N, as shown in Fig.15. Which
means that the Goldstones contribution to the EWPT is notable. While, this property disappears
in the two-step scenario as can be seen in the bottom-right panel. The results show that different
from one-step situation, the SFOEWPT occurs more easy with a relatively small value of the λhs
for the two-step case. Moreover, our study demonstrates that the rate of sB/sA can be larger or
smaller than 1 for different N, as shown in Fig.16, which reconfirms the study of Ref. [42].
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FIG. 16: The two-step SFOEWPT points in O(N→ N−1) model.
In Fig.17, we show the parameter regions that can accommodate successful Higgs inflation and
a SFOEWPT together. The Higgs cubic couplings and Higgs decay widths in O(N→N−1)model
are also shown. The inflation and one(two)-step SFOEWPT are allowed by the Higgs invisible
decay bounds from LHC [61] for different N, which is marked by cyan. As shown in Fig.16, the
two-step SFOEWT shows no obvious relation with N due to sA can be higher or lower than sB. For
N > 1, the slow-roll Higgs inflation does not occur in some SFOEWPT allowed parameter spaces
with relatively large quartic couplings, this property is caused by the bound on mh2 and vs from
perturbative unitarity and stability (from Electroweak scale to Planck scale). For 1< N ≤3, more
parameter spaces of (λs,λhs) are allowed by two-step SFOEWPT condition in comparison with
the one-step SFOEWPT condition. The ratio of the triple Higgs couplings (r3h1 = λh1h1h1/λ
SM
hhh
and rh2h1h1 = λh2h1h1/λ
SM
hhh) increase with the increase (decrease) of λhs (λs). With the SM Higgs
resonance search using the SM Higgs pairs production process, one can estimate the cross section
with respect to the SM case being σh1h1/σ
SM
hh ∼ cos2θ× r23h1×Γtoth1 /ΓSMh ∼ 0.982×22 ∼ 3.8, and
therefore a large enhancement of the cross section can be expected. With increasing of N, one
can expect the ratio σh1h1/σ
SM
h1h1
decreasing due to the decrease of r3h1 . With increasing of λhs, the
triple Higgs coupling of λh2h1h1 varies in the range of [0.3,1.4] in units of λ
SM
3h . The cross section
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FIG. 17: The O(N→ N−1) scenario. The λh1h1h1 , λh2h1h1(both normalized by λSMhhh), and Γtoth2 are
shown by red, blue, and brown contours, respectively. Dashed, solid and dotted lines stand for
N = 1,2,3, respectively. Cyan regions present the allowed regions by the invisible Higgs decay
bounds from Binv < 0.34 [61], in which the light and deep colors correspond to N = 2,3,
respectively. The feasible regions of inflation are shown by green color regions, and the orange
regions represent one- and two- step SFOEWPT for the left and right panels, respectively. For
those colors, a deeper color corresponds to a larger N for N = 1,2,3.
of the heavy Higgs is σh2h1h1 ∼ (
√
2mt/v)2 sin2θ×λ2h2h1h1/(mh2Γtoth2 ). Due to the Γtoth2  mh2 , the
resonance interference explored in Ref. [60] can be safely neglected here. We postpone the detailed
collider search of the parameter spaces to a separate publication.
This part study constitutes one of our main results: building a connection between the infla-
tion/EWPT and the Goldstone numbers (N − 1) of the spontaneously broken global symmetry
group. The feature being study here can exist in other hidden sector extended SM, provided the
hidden sectors respect a global symmetry that will be broken to a subset of which, wherein the rem-
nant Goldstones will contribute to the thermal effective potential and the RGEs of scalar quartic
couplings (for the inflationary potential).
Since the Goldstone might fake the effective neutrino and contribute to the dark radiations, the
number of Goldstones will be limited by related experiments. The effective neutrino number can
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be expressed in terms of the Goldstone decoupling temperature as[92, 93],
Ne f f = 3
1+ ∆NsN−1
3
(
g∗(T dν )
g∗(T dsN−1)
)4/3 , (54)
with ∆NsN−1 = 4(N− 1)/7 due to there is (N− 1) Goldstone bosons decoupled at T > T dsN−1 and
present before the recombination eras, the effective number of relativistic degrees of freedoms are
g∗(T dν ) = 43/4 and g∗(T dsN−1) = 57/4 supposing that the Goldstone bosons decouple just before
muon annihilation. One can constrain the number of Goldstone as in Fig. 18 using the recent 1σ
experimental data Ne f f = 3.36±0.34 [94] . Which depicts that the number of N ≤ 4 at 3σ.
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FIG. 18: The Goldstones faked effective neutrino number.
 
FIG. 19: Goldstone annihilation process.
We study how the Goldstone decouples from the thermal bath and consider the possibility
of the Goldstones contributing to the dark radiation following Ref. [95]. For the heavy Higgs
26
0.01
0.5
1.5
3
0.01
0.5
N=2
N=10
0 5 10 15 20 25
0
200
400
600
800
1000
mh2 [GeV]
v s
[GeV
]
θ=0.1
0.01
0.1
0.5
0.01
0.1
0.5
1.5
3
N=2
N=10
0 5 10 15 20 25
0
200
400
600
800
1000
mh2 [GeV]
v s
[GeV
]
θ=0.2
FIG. 20: Decouple conditions satisfied parameter regions in parameter spaces of mh2 and vs,
regions in the dashed square frame are allowed by the Binv < 0.34 [61]. The decay width of h2
labeled on the blue and orange contours are shown in units of MeV.
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FIG. 21: Decouple conditions valid regions for 2mµ < mh2 < 4 GeV, regions in the dashed square
frame are allowed by the Binv < 0.34 [61]. The decay width of h2( Γtoth2 ) labeled on the contours is
shown in units of KeV.
contributions are typically small, one needs to focus on the light Higgs case alternatively, c.f.,
mh2 < 2mh1 . When the decay width Γh2  mh2 in the small mass region of mh2 , the cross-section
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square frame are allowed by the Binv < 0.34 [61]. The decay width of h2( Γtoth2 ) labeled on the
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of the Goldstone annihilating to µ+µ− (as shown in Fig.19), is given by,
〈σv〉sN−1sN−1→µ+µ− =
λ2hs
128pi
m2µT
4
m4hm
4
h2
∫ ∞
2mµ/T
w8K1(w)dw . (55)
Which leads to the constraints on vs and mh2 , as seen in Fig. 20. The invisible decay of h1 requires
a small θ or a low magnitude of N. In the resonance enhanced region (2mµ <mh2 < 4 GeV), using
the narrow resonance conditions of Γh2  mh2 , one obtains,
〈σv〉sN−1sN−1→µ+µ− =
λ2hs
256
m2µm
6
h2
T 5m4hΓh2
(
1− 4m
2
µ
m2h2
)3/2
K1(mh2/T ) . (56)
Which set lower bounds on the mixing angle of θ, see Fig. 21. For a small vs, the invisible decay
of the h1 set the upper limits on θ depending on the number of N as shown in the left panel of
Fig. 21. For the case of mµ < mh2 < 2mµ, we have,
〈σv〉sN−1sN−1→µ+µ− =
λ2hs
128pi
m2µ
m4h
∫ ∞
2mµ/T
w4K1(w)dw . (57)
Requiring the Goldstone bosons annihilation process contribute to the equivalent neutrino num-
bers, we obtain the bounds on mixing angle and the vs, see Fig. 22. A large N requires a small θ
to meet the decoupling conditions.
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V. CONCLUSIONS AND DISCUSSIONS
In this work, we studied the slow-roll Higgs inflation and the possibility to realize a SFOEWPT
with the N scalars extended SM. The condition of the successful inflation and a SFOEWPT set a
stringent bound on the number of the singlet scalars (or Goldstones) when the symmetry respected
by the scalars is exact O(N) symmetry (or the symmetry is broken to O(N− 1)). The stability
problem can easily be remedied up to the inflation scale with the assistance of the N scalars that
couple to the SM Higgs through the Higgs-portal interactions. Meanwhile, the perturbativity and
the unitarity set severely upper bounds on the scalar quartic couplings with the increasing of the
energy scale, especially with the increasing of the number of N. The Higgs inflation valid param-
eter regions of scalar quartic couplings diminish with the increase of the number N mostly due to
the perturbativity and the unitarity bounds.
The EWPOs severely constrain the parameters spaces of both O(N) and O(N→ N−1) scenar-
ios. Further improvement on EWPOs constraints would restrict the N more rigorous. For the O(N)
case, the number of N validating the inflation is bounded to N ≤ 3, which make both one-step and
two-step SFOEWPT unreachable. Though all of the N scalars can serve as WIMP DM candi-
dates, no way to expect the N-scalar WIMP DM can saturate the correct relic density here. This
is because the masses of the N-scalars is of ∼ O(1− 10) TeV scale considering the future e+e−
colliders (such as ILC, FCC-ee, and CEPC) bounds. Here, the freeze out happens earlier than the
EWPT process, thus the only relevant DM annihilation process is SiSi→ hh with mh(T ≥ Tf s)∼ 0.
When the O(N) symmetry is spontaneously broken to O(N→ N−1), one obtains N−1 Gold-
stones, and the one extra Higgs. Therefore, the invisible Higgs decay is very powerful to set the
bound on the Goldstone number N−1 and the mixing angle θ. With one moderate θ= 0.2 allowed
by EWPO and Higgs precisions as well as invisible Higgs decay bounds set by LHC, we explore
the possibility to realize Higgs inflation and a SFOEWPT through one-step and two-step types. In
the parameter regions where a SFOEWPT can occur, the perturbativity problem appears at high
scales might preclude the possibility to reach a successful inflation. In the parameter regions where
one can obtain successful slow-roll Higgs inflation and a SFOEWPT, the triple Higgs couplings
λh2h1h1 and λh1h1h1 increase with the increase of λhs. The decay widths of the two Higgses are
not large enough to introduce significant interference effect in the resonant mass regions of Higgs
pair productions. The future ILC, FCC-ee, and CEPC are more powerful to test the mixing angle
and the number of Goldstones N − 1 in comparison with the LHC, and can probe the inflation
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and SFOEWPT valid parameter regions. With the increase of the Goldstone number, we obtain
a decrease parameter space of the scalar quartic couplings that can address successful inflation
and a SFOEWPT. The gravitational wave signals search can tell the number of Goldstones for the
one-step SFOEWPT, and the phase transition can be the two-step one if there is no relation with
the number of Goldstones. We left the study to the future works. The dark radiations calculations
indicate that Goldstones decouple from the thermal bath at mass ranges of a small mh2 .
One can expect the feature being explored in this work is general, the representation of a global
or local symmetry respected by a hidden sector might be highly restricted if its contribution to the
thermal potential and/or the inflationary scalar potential (directly or indirectly) is noticeable.
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Appendix A: One-loop renormalization group equations
Following the Ref. [67], beta functions for the N-singlet scalars model are given bellow,
βgs =
g3s
(4pi)2
(−7)+ g
3
s
(4pi)4
(
11
6
g′2+
9
2
g2−26g2s −2xhy2t
)
, (A1)
βg =
g3
(4pi)2
(
−39− xh
12
)
+
g3
(4pi)4
(
3
2
g′2+
35
6
g2+12g2s −
3
2
xhy2t
)
, (A2)
βg′ =
g′3
(4pi)2
(
81+ xh
12
)
+
g′3
(4pi)4
(
199
18
g′2+
9
2
g2+
44
3
g2s −
17
6
xhy2t
)
, (A3)
βλh =
1
(4pi)2
(
6(1+3x2h)λ
2
h−6y4t +
3
8
(2g4+(g2+g′2)2)+λhγh+
Nx2s
2
λ2hs
)
, (A4)
βλhs =
λsh
(4pi)2
(
6(x2h+1)λh+4xhxsλhs+6Nx
2
sλs+6y
2
t −
9
2
g2− 3
2
g′2
)
, (A5)
βλs =
1
(4pi)2
(18Nx2sλ
2
s +
1
2
(x2h+3)λ
2
hs) , (A6)
βyt =
yt
(4pi)2
[
−9
4
g2− 17
12
g′2−8g2s +
23+4xS
6
y2t
]
. (A7)
with γh = (−9g2− 3g′2 + 12y2t ), g, g′ and yt are the standard model SU(2), U(1) and top-quark
Yukawa couplings, and
xh =
1+ξhh2/M2p
1+ξhh2/M2p +6ξ2hh2/M2p
, (A8)
xS =
1+ξSS2/M2p
1+ξSS2/M2p +6ξ2SS2/M2p
. (A9)
Following Ref. [67, 70], The ξS is set to zero at EW scale to ensure the kinematical mixing term
canonical, and the ξh is determined by CMB observations, see Eq. 44. The beta functions of ξh,S
can be found in Ref. [67, 70]. The effects of ξS here is negligible. The ξh can lead to a tinny
enhancement of the quartic couplings before the RG scale (here it is h) is comparable with the Mp
since it’s contribution to the beta functions is additive, see Eq. (A4,A5,A6).
Appendix B: Ingredients for electroweak phase transitions
The tree level scalar potential for O(N) scenario is obtained directly from Eq. 1,
V0(h,S) = −µ
2h2
2
+
λh4
4
+
µ2sS
2
2
+
λsS4
4
+
λhsh2S2
4
, (B1)
Here, we drop the subscript since all N directions are the same and we assume only one direction
get VEV during the EWPT process. The “S" should be the “s" for the O(N→ N−1) scenario to
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indicate the possible symmetry breaking direction with other directions si (i= 1, ...,N−1) do not
get VEV during the EWPT process. For the O(N) scalar model, the one-loop Coleman-Weinberg
potential for the scalar parts is given by
VCW (h,S,N) =
1
64pi2
[
m4h(h,S)
(
log
m2h(h,S)
Q2
− ci
)
+2m4G+(h,S)
(
log
m2G+(h,S)
Q2
−3/2
)
+ m4G0(h,S)
(
log
m2G0(h,S)
Q2
−3/2
)
+Nm4S(h,S)
(
log
m2s (h,S)
Q2
−3/2
)]
. (B2)
If the O(N) is broken to O(N−1) we have,
VCW (h,s,N) =
1
64pi2
[
m4h1(h,s)
(
log
m2h1(h,s)
Q2
− 3
2
)
+m4h2(h,s)
(
log
m2h2(h,s)
Q2
− 3
2
)
+2m4G+(h,s)
(
log
m2G+(h,s)
Q2
− 3
2
)
+m4G0(h,s)
(
log
m2G0(h,s)
Q2
− 3
2
)
+(N−1)m4s (h,s)
(
log
m2s (h,s)
Q2
− 3
2
)]
. (B3)
For other gauge bosons contributions and fermions contributions we refer to Ref. [81]. The running
scale Q is chosen to be Q = 246.22 GeV in the numerical analysis process. The field dependent
masses are given as follows for both O(N−1) and O(N) cases (in this case one need do “s"→“S"
) ,
mhs(h,s) = λhshs , (B4)
m2h(h,s) = 3λh
2−µ2+ λhss
2
2
, (B5)
m2s (h,s) =
λhsh2
2
+µ2s +3λss
2 , (B6)
m2G+(h,s) = λh
2−µ2+ λhss
2
2
, (B7)
m2G0(h,s) = λh
2−µ2+ λhss
2
2
, (B8)
and when O(N) is broken to O(N−1), we need to diagonalization the field dependent mass matrix
of M =
(
(m2h,mhs),(mhs,m
2
s )
)
to obtain the mass eigenvalue, i.e., (m2h1,m
2
h2). The finite tempera-
ture corrections to the effective potential at one-loop are given by [78],
VT (h,S,N,T ) =
T 4
2pi2
[
JB
(
m2h(h,S,N,T )
T 2
)
+ JB
(
m2G0(h,S,N,T )
T 2
)
+2JB
(
m2G+(h,S,N,T )
T 2
)
+NJB
(
m2S(h,S,N,T )
T 2
)]
, (B9)
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and
VT (h,s,N,T ) =
T 4
2pi2
[
JB
(m2h1(h,s,N,T )
T 2
)
+ JB
(
m2G0(h,s,N,T )
T 2
)
+2JB
(
m2G+(h,s,N,T )
T 2
)
+JB
(m2h2(h,s,N,T )
T 2
)
+(N−1)JB
(
m2s (h,s,N,T )
T 2
)]
, (B10)
for O(N) and O(N−1) scenarios respectively. Where the functions JB(y) are
JB(y) =
∫ ∞
0
dxx2 ln
[
1− exp
(
−
√
x2+ y
)]
, (B11)
In addition, the above integral JB can be expressed as a sum of the second kind modified Bessel
functions K2(x),
JB(y) = lim
N→+∞
−
N
∑
l=1
(1)ly
l2
K2(
√
yl) . (B12)
The thermal masses/corrections are given by,
m2h(h,S,N,T ) = m
2
h2 +
1
16
T 2(g21+3g
2
2+4g
2
t )+T
2(
λ
2
+
Nλhs
12
) , (B13)
m2G+(h,S,N,T ) = m
2
G++
1
16
T 2(g21+3g
2
2+4g
2
t )+T
2(
λ
2
+
Nλhs
12
) , (B14)
m2G0(h,S,N,T ) = m
2
G0 +
1
16
T 2(g21+3g
2
2+4g
2
t )+T
2(
λ
2
+
Nλhs
12
) , (B15)
m2S(h,S,N,T ) = m
2
S+T
2
(
(N+2)λs
4
+
λhs
3
)
, (B16)
for the O(N) case, and for the O(N→ N−1) case one needs to replace the “S" by “s" and replace
the thermal mass of the Higgs fields by
m2h1(h,N,T ) = m
2
h1 +
1
16
T 2(g21+3g
2
2+4g
2
t )+T
2(
λ
2
+
N λhs
12
), (B17)
m2h2(h,N,T ) = m
2
h2 +
1
16
T 2(g21+3g
2
2+4g
2
t )+T
2(
(N+2)λs
4
+
λhs
3
) , (B18)
Last but not least, the resummation of daisy diagrams are also crucial for the evaluation of vC and
TC with the finite temperature effective potential [96, 97], which is given by
V daisy(h,S,N,T ) =
T
12
[
(m3h−m3h(h,S,N,T ))+(m3G0−m3G0(h,S,N,T )+2(m3G+−m3G+(h,S,N,T ))
]
+N(m3S−m3S(h,S,N,T ))
]
, (B19)
and
V daisy(h,s,N,T ) =
T
12
[(
m3h1−m3h1(h,s,N,T )
)
+3
(
m3G0−m3G0(h,s,N,T )
)
+
(
m3h2−m3h2(h,s,N,T )
)
+(N−1)(m3s −m3s (h,s,N,T ))] , (B20)
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for O(N) and O(N → N − 1) cases. Here, again, we list only the contributions of scalar con-
tributions for VT and V daisy, the other particle fields contributions are the same as the SM, see
Ref. [81, 97]. It should be noted that, the counter terms can keep the VEVs of the potential from
shift caused by the VCW , we add that parts follow Ref.[81].
Appendix C: Dark matter calculation approach of O(N) case
For SM Higgs pair final states, the annihilation cross section is given by,
〈σvrel〉hh =
λ2hs
64pim2s
[
1+
3m2h(
4m2s −m2h
) + 2λhsv2(
m2h−2m2s
)]2×(1− m2h
m2s
)1/2
, (C1)
the cross section for gauge boson final states are,
〈σvrel〉WW = 2
[
1+
1
2
(
1− 2m
2
s
m2W
)2](
1− m
2
W
m2s
)1/2
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) , (C2)
〈σvrel〉ZZ = 2
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1
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1− 2m
2
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m2Z
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2
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m2S
)1/2
× λ
2
hsm
4
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2
h
) (C3)
and the fermion pair final states cross section is given by,
〈σvrel〉 f f =
m2W
pig2
λ2fλ
2
hs(
4m2S−m2h
)2
+m2hΓ
2
h
(
1− m
2
f
m2S
)3/2
. . (C4)
The formula of spin independent cross section is given by [91]
σSSI = λ
2
hs
f 2N
4pi
(
mNmS
(mN+mS)
)2 m2N
m4Hm
2
S
, (C5)
where mN = 0.946 GeV is the neutron mass and mH = 126 GeV is the SM-Higgs mass. The
strengths of the hadronic matrix elements, fN = 0.35. The dark matter direct detection constrains
the dark matter masses and the quartic Higgs-DM couplings after taking into account the rescale
effects supposing the evaluated dark matter relic density will not oversaturate the DM relic abun-
dance,
σSI = σSiSI× ∑
i=1,...,N
ΩSih2
ΩDMh2
. (C6)
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